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We present a detailed study of the spectrum and dispersion of Bogoliubov quasiparticles in two
coupled elongated Bose-Einstein condensates. We develop an analytically solvable model that ap-
proximates two infinite homogeneous condensates and compare its predictions to a numerical sim-
ulation of a realistic trapped system. While the comparisons show a reasonable agreement between
the two models, they also manifest the existence of several anomalous Bogoliubov modes in the spec-
trum. These modes show degeneracy in both energy and momentum together with self-localization
in the coordinate space.
I. INTRODUCTION
Systems consisting of mutually coherent Bose-Einstein
condensates (BECs) have attracted considerable research
interest in recent years. While the most prominent ap-
plications of such systems are undoubtedly matter-wave
interferometry and quantum metrology [1, 2], they also
provide an excellent platform to study various other
physical phenomena, including Josephson effects [3–7],
quantum fluctuations and spatial coherence [8–10], and
spin-orbital coupling [11, 12]. To enable such experi-
ments a coherent coupling between the condensates can
be achieved in different ways. Most common realizations
utilize two internal states of atoms in BEC coupled by
Raman lasers [7, 13], or multi-well trapping potentials
with a possibility for atoms to tunnel through the barri-
ers [4, 5]. However, the physics of coupled condensates
is determined not only by the nature of the coupling but
also to a large extent by the geometry of individual con-
densates (see e.g. [14–16]). One of the most simple yet
nontrivial geometries is realized with two parallel cigar-
shaped condensates coupled through a potential barrier
along their long dimension. This system has many sim-
ilarities with superconducting long Josephson junctions
[17, 18]. It was also used to study the properties of sine-
Gordon solitons and Josephson vortices in BECs [18–20].
Coupled condensates with such geometry are also in the
focus of the present work.
Near-equilibrium dynamics of a Bose-condensed sys-
tem is commonly analyzed on the level of low-energy
collective excitations, also termed Bogoliubov quasipar-
ticles. The spectrum of such collective excitations is very
sensitive to the geometry of the system and reveals a
number of specific features for the case of two coupled
condensates [13, 21–24]. In particular, the tunneling of
atoms through the barrier may be effectively coupled
with their motion inside each condensate if corresponding
collective modes posses similar energies. The signatures
of such a coupling were previously identified in theoret-
ical [15, 17, 25] and experimental studies [5]. Here we
investigate these effects further by extracting and ana-
lyzing the spectrum of collective excitations and building
the dispersion relations of quasiparticle modes in parallel
coupled elongated BECs. To this end we develop an an-
alytical model, which approximates two coupled infinite
homogeneous condensates and can be compared to the
numerical results without fitting parameters. A compar-
ison of the analytical predictions to the numerical calcu-
lations of a realistic trapped system is the main goal of
the present work. Such a comparison allows to identify
and analyze a peculiar phenomenon of self-localization,
which is observed for some of the quasiparticle modes as
a drastic deviation from the analytically predicted be-
havior.
The article is structured as follows. In section II we
derive and analyze the dispersion relation for collective
excitations in a system of two parallel coupled homoge-
neous condensates. The more realistic setting of a fi-
nite trapped condensate is introduced in section III. We
calculate the frequency and momentum spectrum of the
Bogoliubov quasiparticles numerically and compare the
results to the analytical predictions. Finally, in section
IV we identify and discuss several anomalous low-lying
modes which do not follow the predicted dispersion rela-
tion and display spatial self-localization.
II. COLLECTIVE EXCITATIONS IN
HOMOGENEOUS INFINITE CONDENSATES
We consider an atomic Bose-Einstein condensate char-
acterized by the mean-field Gross-Pitaevskii equation
(GPE)
i~
∂
∂t
Ψ (r, t) =
(
−~
2∇2
2M
+ V (r) + g|Ψ|2
)
Ψ (r, t) , (1)
with the nonlinear coupling coefficient g > 0 to ensure
stability of the condensate. Our system of interest con-
sists of two elongated weakly coupled BECs. In order
to make an analytical treatment possible we consider in
this section a uniform condensate in x-direction and a
two-well trap in the transverse (y, z)-plane. We therefore
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2assume V = V⊥(y, z). The specific shape of the two-well
potential V⊥ is not relevant here. It is only important
that the total condensate wave function can be approx-
imately represented as a sum of two parts, one for each
condensate, and the dimensions can be separated into the
dynamical (x) and the frozen ones (y,z):
Ψ(x, y, z, t) = Ψ1(x, t)χ1(y, z) + Ψ2(x, t)χ2(y, z). (2)
Each of the functions χ1 and χ2 is localized in one well
of the two-well potential and represent each one of the
two coupled condensates. We assume these functions to
be real, orthogonal and normalized to unity∫∫
dy dz χ1χ2 = 0,
∫∫
dy dz χ21 =
∫∫
dy dz χ22 = 1.
Also a weak coupling between the two condensates im-
plies that the absolute overlap of these functions is small∫∫
dy dz |χ1χ2|  1. (3)
The ansatz (2) is an extension to a well-known two-mode
approximation [3]. The key difference is that we keep
one spatial dimension as a dynamical variable. Inserting
this ansatz into the GPE (1), the frozen directions can
be integrated out. This results in two coupled equations
for the functions Ψ1 and Ψ2. The first equation reads
i~
∂
∂t
Ψ1(x, t) =
(
− ~
2
2M
∂2
∂x2
+ g1D|Ψ1|2
)
Ψ1 −KΨ2
− F
(
(|Ψ1|2 + |Ψ2|2)Ψ2 + (Ψ∗1Ψ2 + Ψ∗2Ψ1)Ψ1
)
+ I
(
|Ψ2|2Ψ1 + (Ψ∗1Ψ2 + Ψ∗2Ψ1)Ψ2
)
, (4)
and the second equation is the same with indices 1 and 2
interchanged. The coefficients that enter these equations
are defined as
g1D = g
∫∫
dy dz χ41 = g
∫∫
dy dz χ42, (5)
K = −
∫∫
dy dz
(
− ~
2
2m
χ1∇2y,zχ2 + χ1V⊥χ2
)
, (6)
F = −g
∫∫
dy dz χ31χ2 = −g
∫∫
dy dz χ1χ
3
2, (7)
I = g
∫∫
dy dz χ21χ
2
2. (8)
For simplicity we only consider the case of a fully sym-
metric two-well potential. More general equations for
asymmetric wells can be derived in the same way.
The ground state of the two coupled parallel conden-
sates is characterized by a uniform particle density n in
each condensate. So we can write the ground state solu-
tion of Eq. (4) as Ψ1 = Ψ2 =
√
n e−iµt/~ with the chem-
ical potential µ = −K + (g1D − 4F + 3I)n. In order to
analyze collective excitations in the system we introduce
a small perturbation to the ground state in a usual form
of plane waves [26],
Ψ1(x, t) = e
−iµt/~ (√n+ u1e−iωt+ikx + v∗1eiωt−ikx) ,
Ψ2(x, t) = e
−iµt/~ (√n+ u2e−iωt+ikx + v∗2eiωt−ikx) .
(9)
Inserting this into Eq. (4) yields the Bogoliubov-de
Gennes system of four coupled equations, which can be
expressed in the following matrix form
[
Lˆ0 +KLˆK + (g1DLˆg + FLˆF + ILˆI)n
]u1v1u2
v2
 = ~ω
u1v1u2
v2

(10)
with
Lˆ0 =
(
~2k2
2M
− µ
)1 0 0 00 −1 0 00 0 1 0
0 0 0 −1
 ,
Lˆg =
 2 1 0 0−1 −2 0 00 0 2 1
0 0 −1 −2
 , LˆK =
 0 0 −1 00 0 0 1−1 0 0 0
0 1 0 0
 ,
LˆF =
−4 −2 −4 −22 4 2 4−4 −2 −4 −2
2 4 2 4
 , LˆI =
 2 1 4 2−1 −2 −2 −44 2 2 1
−2 −4 −1 −2
 ,
The eigenvalues of Eq. (10) can be calculated analyt-
ically and provide the dispersion relations, which form
two separate branches
[~ω1(k)]2 =
~2k2
2M
(
~2k2
2M
+ 2g1Dn− 8Fn+ 6In
)
, (11)
[~ω2(k)]2 =
(
~2k2
2M
+ 2K + 4Fn− 4In
)
×
(
~2k2
2M
+ 2g1Dn+ 2K + 4Fn− 6In
)
. (12)
The frequency ω1 corresponds to excitations which are
symmetric (in-phase) in the two condensates while ω2
corresponds to antisymmetric (out-of-phase) ones. These
results are consistent with previous studies of coherently
coupled spinor BECs in Refs. [13, 21, 22] in the limit of
purely linear coupling (F = 0, I = 0). In spinor BECs
the branch ω1(k) represents a density wave, and ω2(k) is
a spin wave. We will therefore refer to the corresponding
excitations in a two-well condensate as density-like and
spin-like.
3The density-like branch ω1 is gapless and in the long-
wavelength limit (k → 0) describes sound modes propa-
gating with a characteristic velocity
c =
dω1
dk
∣∣∣∣
k→0
=
√
(g1D − 4F + 3I)n
M
. (13)
The spin-like branch ω2 is gapped, with the gap size
corresponding to the frequency of Josephson plasma os-
cillations [17]. From Eq. (12) we find this frequency as
~ωp = 2
√
(K + 2Fn− 2In) (g1Dn+K + 2Fn− 3In).
This expression is similar to the result of so-called full
two-mode model presented in [27].
In order to get further understanding of the obtained
dispersion relations it is necessary to analyze the coeffi-
cients defined in Eqs. (5)–(8). The coefficient g1D rep-
resents the one-dimensional reduction of the nonlinear
coupling g. It corresponds to a collisional interaction
between atoms inside each condensate. The other three
coefficients K, F and I characterize the coupling between
the two condensates. Their mathematical form and phys-
ical meaning are very similar to the corresponding coef-
ficients of the two-mode model [27, 28]. The linear cou-
pling coefficient K represents the probability density of
a single particle tunneling through the potential barrier.
The other two coefficients F and I and corresponding
terms in Eq. (4) represent collisional coupling between
the two condensates. From the integrals (6–8) we see
also that K and F are both of first order with respect
to the overlap between χ1 and χ2, while I is of second
order. This means that if Eq. (3) holds then also
g1Dn (|K|, |Fn|) In. (14)
For many physically relevant applications the terms in
Eq. (4) proportional to I will be negligible, except for
very strong interaction regimes, where they can signifi-
cantly alter the dynamical phase portrait [29]. Here we
do not address the specific effects of these terms and con-
sider I = 0 for the rest of the paper.
From Eqs. (5)–(8) one may also see that two coeffi-
cients, g1D and I, are strictly positive and the other two,
K and F , are in general not sign definite. Then the re-
quirement that the frequency ω2 of spin-like modes (12)
is real-valued imposes an additional restriction:
K + 2Fn > 0. (15)
Otherwise the ground state becomes formally unstable
which would show a general inconsistency of the proposed
one-dimensional model. In this context it is worth notic-
ing that equations with purely linear coupling are often
used in the modeling of two-well condensates [18, 23, 25].
However the requirement (15) then reads simply as K >
0, which greatly limits the applicability of such models
or requires to treat the coefficient K as a fitting param-
eter (see e.g. discussions in Refs. [30, 31]). We illustrate
this issue and analyze the behavior of the coupling co-
efficients for a more specific physical system in the next
section (see Fig. 3 below).
III. QUASIPARTICLE SPECTRUM AND
DISPERSION IN A FINITE SYSTEM
Let us now turn to the more realistic case of a trapped
system. We consider a trap with the shape of a sym-
metric double-well potential in y-direction and a box-like
potential in x-direction:
V (x, y, z) = A
[
1 + e
1
λ (L/2−|x|)
]−1
+
M
2
(ω2yy
2 + ω2zz
2) + Vb e
−2y2/λ2 , (16)
where ωy = 2pi · 50 Hz and ωz = 2pi · 200 Hz are the
trap frequencies in transverse directions, L = 180µm and
A/h = 1500 Hz are the length and the depth of the box-
like potential in the longitudinal direction, λ = 2µm is
the characteristic width of the barrier and the box po-
tential edge, which in a real experiment would be related
to the resolution of the optical system. We consider the
amplitude of the barrier potential Vb as a tunable param-
eter controlling the coupling between the two conden-
sates. While this trap configuration does not reproduce
any specific experimental setup, such traps are accessible
in present-day experiments with painted potentials [32]
or atom chips [5].
The trapped system is modelled by the GPE (1), how-
ever for computational simplicity we reduce it to two spa-
tial dimensions, while the z-dimension can be safely con-
sidered as frozen in the low-energy region that we aim to
analyze. A usual dimensional reduction procedure leads
to the rescaling of the interaction parameter g, which in
the two-dimensional approximation becomes [33]
g = a
√
8pi~3ωz
M
,
where a is the s-wave scattering length of the atoms. We
consider here 87Rb with a = 5.819 nm and M = 86.91 u.
The total particle number is N = 5 · 104 and it defines
the normalization of the wave function.
The stationary ground state of the system ψg and the
corresponding chemical potential µ is obtained by prop-
agating the GPE (1) in imaginary time [33]. In order
to calculate the spectrum of collective excitations corre-
sponding to the stationary state ψg we solve a standard
Bogoliubov – de Gennes system of equations in two spa-
tial dimensions [26]
~ωu = (Hˆ0 + 2g|ψg|2 − µ)u+ g|ψg|2v,
−~ωv = (Hˆ0 + 2g|ψg|2 − µ)v + g|ψg|2u,
(17)
where
Hˆ0 = −~
2∇2
2M
+ V (r) . (18)
The functions u (r) and v (r) represent the spatial dis-
tribution of a Bogoliubov mode with a characteristic fre-
quency ω.
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FIG. 1. Numerically obtained spectrum of Bogoliubov excita-
tions as a function of Vb/µ. The modes are distinguished by
their symmetry: the red dotted lines correspond to density-
like modes, blue solid lines correspond to spin-like modes.
The numerically obtained spectrum of eigenfrequen-
cies of Eqs. (17) is shown in Fig. 1 as a function of the
dimensionless ratio Vb/µ. We can distinguish two types
of modes by their spatial symmetry across the barrier.
Modes which are symmetric across the barrier can be
identified as density-like excitations. We observe that
they are rather insensitive to the barrier height. The
other type of modes are antisymmetric across the barrier
and they are identified as spin-like excitations. They are
sensitive to the barrier height. In the limit of a vanish-
ing barrier the lowest spin-like mode is a dipole mode
with the characteristic frequency ω = ωy. For very high
barriers both types of modes become degenerate as they
approach the spectrum of two uncoupled condensates.
In order to build dispersion relations of the Bogoliubov
modes we need to associate a momentum value with each
mode. This poses a non-trivial question for the trapped
system as there is no translational symmetry in this case
and the modes can never be eigenstates of the momen-
tum operator. Following Refs. [34, 35] we introduce the
longitudinal momentum of each mode as an expectation
value of the squared momentum operator
km ≡
√
〈m|k2x|m〉 =
√∫
dkk2x [|u˜m(k)|2 + |v˜m(k)|2]∫
dk [|u˜m(k)|2 + |v˜m(k)|2] ,
(19)
where u˜m(k) and v˜m(k) are Fourier transforms of the
m’th Bogoliubov mode um (r) and vm (r). The momen-
tum values obtained from Eq. (19) can be compared
to the idealized case of a uniform system of length L,
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FIG. 2. The ratio between the numerically extracted momen-
tum km of the spin-like modem and the corresponding analyt-
ical expectation for the uniform condensate mpi/L. The red
circles denote modes at Vb/µ = 0, the green stars at Vb/µ = 1
and blue crosses show Vb/µ = 3. The momentum for the
density-like branch is indistinguishable from the spin-like one
at Vb/µ = 3. Connection lines are a guide for the eye.
where the eigenmodes of the momentum operator are dis-
tributed as km = mpi/L with m ∈ Z. The results of such
a comparison are presented in Fig. 2. They show reason-
able agreement especially for higher modes. It is worth
noticing that the momentum distribution of Bogoliubov
modes is practically the same in low- and high-barrier re-
gions. It is noticeably different only for spin-like modes
and only for intermediate barrier heights Vb/µ ∼ 1. In
the discussions below we present the extracted momen-
tum of the Bogoliubov modes in units of pi/L for easier
interpretation.
To enable a comparison with the analytical predictions
of the previous section it is necessary also to reliably ap-
proximate the one-dimensional model coefficients g1D, K,
and F , as well as the one-dimensional particle density n.
To this end we calculate the antisymmetric excited state
ψe of the Eq. (1), which is done by imaginary time evo-
lution of an initial function with odd symmetry across
the barrier. Using two stationary states ψg and ψe all
the necessary coefficients can be extracted directly (see
Appendix for details), which allows us to compare the an-
alytical dispersion relations (11) and (12) to the numer-
ical results without any fitting parameters. But before
proceeding with such comparisons let us first analyze ob-
tained coefficients K and F to see if the one-dimensional
model is valid for the trapped system under considera-
tion. The values of these coefficients depending on the
ratio Vb/µ are shown in Fig. 3. One can clearly see that
there is a region with K < 0. In this region the one-
dimensional model would produce unphysical results if
only linear coupling is considered. At the same time the
characteristic combination K+2Fn appears to be always
positive and monotonically decreasing. We can therefore
conclude that the model based on Eq. (4) is applicable
for our system in a wide range of barrier heights.
50 0.5 1 1.5 2 2.5 3
0
0.1
0.2
0.3
0.4
FIG. 3. Linear (K) and nonlinear (Fn) coupling terms, and
their combination K + 2Fn, which determine stability of the
spin-like modes (12). The quantities are shown as functions
of the barrier height in the trapped system.
We now have all the necessary ingredients to analyze
the dispersion relations of the coupled trapped conden-
sates and compare them to the analytical formulas. In
Fig. 4 we show the results of such a comparison for two
different values of the barrier height. We see that the
general behavior of dispersion curves is adequately re-
produced by the analytical model. The main discrep-
ancy, which is more pronounced in low- and intermediate-
barrier regions, is the gap size for the spin-like modes.
The reason of this discrepancy is the same as that of a
usual two-mode model. It originates from the fact that
in a low-barrier region the spatial distribution of the low-
est spin-like excitation is quite different from the shape
of the antisymmetric excited state ψe, which was used to
build the analytical model. More details on this effect
can be found in Ref. [27]. Other features of the disper-
sion curves, such as the slope of the density-like branch
(the speed of sound) and the curvature of the spin-like
branch, are reproduced much more accurately.
IV. SELF-LOCALIZATION OF SPIN-LIKE
MODES
One may notice in Fig. 4 (left panel) that the lowest
spin-like mode deviates significantly from the correspond-
ing branch of the dispersion relation. This mode, which is
in fact two degenerate modes, shows considerably lower
frequency and higher momentum values than expected
from the smooth dispersion curve. The existence of such
anomalous modes is specific for the intermediate-barrier
region Vb/µ ∼ 1.
To further analyze the behavior of the lowest spin-like
Bogoliubov excitations we trace the frequency and mo-
mentum of several modes of this type depending on the
barrier height. The resulting trajectories are shown in
Fig. 5. As previously mentioned, a very simple model
based on a finite uniform system suggests that momen-
FIG. 4. Dispersion relations for Vb/µ = 1 (left panel) and
Vb/µ = 2.5 (right panel). Symbols denote the numerically
obtained Bogoliubov modes of the trapped system. Solid lines
show the corresponding analytical predictions of Eqs. (11)
and (12). The red line and the symbols “×” show the gapless
density-like excitations, the blue line and the symbols “+”
correspond to the gapped spin-like excitations. Dotted circle
marks the location of the anomalous lowest spin-like mode
discussed in the text.
tum distribution of the modes is independent of the bar-
rier height. From Fig. 5 we see that higher excitations
follow that prediction in general. The behavior of the
lowest spin-like modes is, however, considerably different.
Depending on the barrier height the two lowest modes
may acquire a large momentum and become degenerate
in both energy and momentum. Several other modes
have their momentum considerably reduced in the same
region.
In order to quantify the observed degeneracy we cal-
culate the frequency and momentum difference between
the two lowest spin-like modes (see Fig. 6). Both these
quantities show a pronounced minimum when the barrier
height is of the same order as the chemical potential. The
minimal values for both frequency and momentum spac-
ings are reached simultaneously at Vb/µ ≈ 0.87. This
value also corresponds to a maximal momentum of the
two modes.
One possible reason for the anomalous behavior of the
lowest spin-like modes is their specific spatial distribu-
tion. In Fig. 7 we show spatial distributions of several
lowest modes for Vb/µ = 1. The two lowest ones, which
are degenerate, appear to be also tightly localized at the
edges of the condensate. Such states cannot be charac-
terized by reasonably well defined momentum values and
Eq. (19) rather represents for them uncertainty of the
momentum, which explains the high values observed in
Fig. 5. Other spin-like modes shown in Fig. 7 contain
a node in their spatial distribution located close to the
edges. This ensures orthogonality of the modes, but also
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FIG. 5. Frequency and momentum of the spin-like Bogoli-
ubov modes depending on the barrier height. Blue symbols
show the snapshots of this dependence for three specific bar-
rier heights: Vb/µ = 0 (stars), Vb/µ = 1 (squares), Vb/µ = 3
(crosses). Red circles show the dispersion of symmetric Bo-
goliubov modes at Vb/µ = 3 for comparison. Solid lines show
the trajectory of each mode with changing barrier height Vb.
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FIG. 6. Relative frequency and momentum spacing between
the two lowest spin modes as a function of barrier height.
Note the logarithmic scale of the vertical axis.
may be responsible for reduction of the corresponding
momentum values, seen in Fig. 5.
To the best of our knowledge, the observed self-
localization and mode degeneracy have not been pre-
viously analyzed in coupled atomic BECs. However,
several similar phenomena were mentioned in previous
theoretical studies. In Ref. [17] the degenerate Bogoli-
ubov modes are shown to be responsible for the multi-
frequency plasma oscillations in long bosonic Josephson
junctions. Edge-localized modes also show an apparent
similarity with bending modes in the quasiparticle spec-
trum associated with a vortex line in a trapped BEC [36].
Another similar self-localization behavior was also ob-
served for tunneling currents in superconducting Joseph-
son junctions [37] and attributed to the Meissner effect.
In all these examples the self-localized degenerate modes
seemingly appear as an edge effect resulting from the
FIG. 7. Lowest spin-like modes of the Bogoliubov spectrum
for Vb/µ = 1. The displacement from the equilibrium particle
density δn = ψg(u + v
∗) is shown. Color represents the am-
plitude and sign of such a displacement. The dashed line on
the first panel shows the 1/e2 isosurface of the ground-state
density |ψg|2.
elongated geometry of the system.
V. CONCLUSIONS
In the present work we have performed an analytical
and numerical study of the collective excitations spec-
trum in coupled elongated Bose-Einstein condensates.
The developed analytical model describes the dispersion
of Bogoliubov quasiparticles in infinite homogeneous con-
densates. The proposed approach is an extension of the
well-known two-mode approximation. It offers the ad-
vantage that a direct comparison to numerical Gross-
Pitaevskii simulations is possible without fitting parame-
ters. We have performed such a simulation for a realistic
trapped system and compared the frequency and mo-
mentum spectra of quasiparticle excitations with analyt-
ical predictions. Such a comparison shows a reasonable
agreement, taking into account the limitations of our an-
alytical approach, mostly inherited from the two-mode
approximation.
Our results also reveal anomalous behavior of the low-
est spin-like excitations in the region of intermediate bar-
rier heights Vb/µ ∼ 1. The two lowest spin-like modes
become degenerate and tightly localized at the edges
of the condensate. Such self-localization also leads to
high momentum values obtained for these modes, which
is mainly attributed to the imprecise definition of the
mode momentum. The self-localization effects can not
be covered by the analytical model as the finite length
of the condensate is a necessary requirement for this ef-
fect. Similar degenerate modes were previously observed
7in harmonically-trapped condensates [17]. In that case a
large number of pairwise degenerate modes was observed.
However, in the present setup of a box-like trap we always
identify only one pair of such modes. All other excita-
tions retain a spatial structure of plane waves and follow
the predicted dispersion relation. The physical reason for
such a dependence on the longitudinal trapping remains
unclear and will be a subject for further studies.
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Appendix: Calculation of the coefficients in the 1D
model
Here we show how the coefficients of the one-
dimensional model defined in Eqs. (5–8) can be calcu-
lated using the solutions of the full system. The main
problem is that the separation of dimensions in Eq. (2)
is only approximate in a real system, which means the
functions χ1,2 are unknown. One could build an average
guess of these functions, but a more useful approach is
to rewrite the integrals of the coefficients, Eqs. (5–8), in
terms of known solutions of the full GPE (1). What we
can calculate are two stationary states of our two-well
system: a symmetric ground state ψg and antisymmet-
ric (first excited) state ψe. This is done by propagating
the Eq. (1) in the imaginary time with an initial state
prepared with the desired symmetry. Then we construct
the following two functions
Φ1 =
ψg + ψe
2
, Φ2 =
ψg − ψe
2
. (A.1)
These functions are orthogonal and normalized to N/2.
Each of them is also localized (mainly) in one of the po-
tential wells. We then assume that spatial dimensions
can be separated as follows
Φ1 = Ψ1(x)χ1(y, z), Φ2 = Ψ2(x)χ1(y, z). (A.2)
The (unknown) functions Ψ1,2 and χ1,2 are assumed to
have the following properties:∫∫
dy dz χ1χ2 = 0,
∫∫
dy dz χ21 =
∫∫
dy dz χ22 = 1,
Ψ1(x) = Ψ2(x),
∫
dxΨ21 =
N
2
.
Such a decomposition satisfies the ansatz (2) used in our
one-dimensional model. The above assumptions are suffi-
cient to rewrite the integrals (5–8) in terms of the known
functions Φ1 and Φ2. We get
g1D =
4g
N2
∫∫
dy dz
(∫
dxΦ21
)2
,
K = − 2
N
∫∫∫
dx dy dz
(
− ~
2
2m
Φ1∇2y,zΦ2 + V⊥Φ1Φ2
)
,
F = − 4g
N2
∫∫
dy dz
(∫
dxΦ21
)(∫
dxΦ1Φ2
)
,
I =
4g
N2
∫∫
dy dz
(∫
dxΦ1Φ2
)2
.
The one-dimensional density n, which enters the disper-
sion relations (11) and (12) can be estimated as follows:
n = max
x
∫∫
dy dzΦ21.
Naturally, such an estimate is only valid if the condensate
is mostly uniform in x dimension, which is the case for
the trap potential (16) considered in the present work.
We stress that all the above expressions are straightfor-
wardly calculated from the numerically obtained station-
ary solutions ψg and ψe. They also provide a reasonable
approximation if the separation of dimensions (A.2) is
only approximate, which is always the case for a finite
system.
[1] Alexander D. Cronin, Jo¨rg Schmiedmayer, and David E.
Pritchard, “Optics and interferometry with atoms and
molecules,” Rev. Mod. Phys. 81, 1051–1129 (2009).
[2] Luca Pezze`, Augusto Smerzi, Markus K. Oberthaler, Ro-
man Schmied, and Philipp Treutlein, “Quantum metrol-
ogy with nonclassical states of atomic ensembles,” Rev.
Mod. Phys. 90, 035005 (2018).
[3] S. Raghavan, A. Smerzi, S. Fantoni, and S. R. Shenoy,
“Coherent oscillations between two weakly coupled bose-
einstein condensates: Josephson effects, pi oscillations,
and macroscopic quantum self-trapping,” Phys. Rev. A
59, 620–633 (1999).
[4] Michael Albiez, Rudolf Gati, Jonas Fo¨lling, Stefan Hun-
smann, Matteo Cristiani, and Markus K. Oberthaler,
“Direct observation of tunneling and nonlinear self-
trapping in a single bosonic josephson junction,” Phys.
Rev. Lett. 95, 010402 (2005).
[5] L. J. LeBlanc, A. B. Bardon, J. McKeever, M. H. T.
Extavour, D. Jervis, J. H. Thywissen, F. Piazza, and
A. Smerzi, “Dynamics of a tunable superfluid junction,”
Phys. Rev. Lett. 106, 025302 (2011).
[6] Sof´ıa Mart´ınez-Garaot, Giulio Pettini, and Michele
Modugno, “Nonlinear mixing of bogoliubov modes in a
bosonic josephson junction,” Phys. Rev. A 98, 043624
8(2018).
[7] Tilman Zibold, Eike Nicklas, Christian Gross, and
Markus K. Oberthaler, “Classical bifurcation at the tran-
sition from rabi to josephson dynamics,” Phys. Rev. Lett.
105, 204101 (2010).
[8] D. S. Petrov, G. V. Shlyapnikov, and J. T. M. Walraven,
“Phase-fluctuating 3d bose-einstein condensates in elon-
gated traps,” Phys. Rev. Lett. 87, 050404 (2001).
[9] S. Dettmer, D. Hellweg, P. Ryytty, J. J. Arlt, W. Ert-
mer, K. Sengstock, D. S. Petrov, G. V. Shlyapnikov,
H. Kreutzmann, L. Santos, and M. Lewenstein, “Ob-
servation of phase fluctuations in elongated bose-einstein
condensates,” Phys. Rev. Lett. 87, 160406 (2001).
[10] S. Hofferberth, I. Lesanovsky, B. Fischer, T. Schumm,
and J. Schmiedmayer, “Non-equilibrium coherence dy-
namics in one-dimensional bose gases,” Nature 449, 324–
327 (2007).
[11] Y.-J. Lin, K. Jime´nez-Garc´ıa, and I. B. Spielman, “Spin-
orbit-coupled bose-einstein condensates,” Nature 471,
83–86 (2011).
[12] Hui Zhai, “Degenerate quantum gases with spin-orbit
coupling: a review,” Rep. Prog. Phys. 78, 026001 (2015).
[13] Marta Abad and Alessio Recati, “A study of coherently
coupled two-component bose-einstein condensates,” The
European Physical Journal D 67, 148 (2013).
[14] K. Xhani, E. Neri, L. Galantucci, F. Scazza, A. Burchi-
anti, K.-L. Lee, C. F. Barenghi, A. Trombettoni, M. In-
guscio, M. Zaccanti, G. Roati, and N. P. Proukakis,
“Critical transport and vortex dynamics in a thin
atomic josephson junction,” Phys. Rev. Lett. 124, 045301
(2020).
[15] Y. M. Bidasyuk, O. O. Prikhodko, and M. Weyrauch,
“Phonon-josephson resonances in atomtronic circuits,”
Phys. Rev. A 94, 033603 (2016).
[16] Artem Oliinyk, Alexander Yakimenko, and Boris Mal-
omed, “Tunneling of persistent currents in coupled ring-
shaped bose–einstein condensates,” Journal of Physics
B: Atomic, Molecular and Optical Physics 52, 225301
(2019).
[17] M. R. Momme, Y. M. Bidasyuk, and M. Weyrauch,
“Collective excitations and tunneling dynamics in long
bosonic josephson junctions,” Phys. Rev. A 100, 033601
(2019).
[18] V. M. Kaurov and A. B. Kuklov, “Josephson vortex be-
tween two atomic bose-einstein condensates,” Phys. Rev.
A 71, 011601(R) (2005).
[19] A. Gallemı´, M. Guilleumas, R. Mayol, and A. M. Ma-
teo, “Multidimensional josephson vortices in spin-orbit-
coupled bose-einstein condensates: Snake instability and
decay through vortex dipoles,” Phys. Rev. A 93, 033618
(2016).
[20] Sophie S. Shamailov and Joachim Brand, “Quasiparticles
of widely tuneable inertial mass: The dispersion relation
of atomic Josephson vortices and related solitary waves,”
SciPost Phys. 4, 18 (2018).
[21] Elena V. Goldstein and Pierre Meystre, “Quasiparti-
cle instabilities in multicomponent atomic condensates,”
Phys. Rev. A 55, 2935–2940 (1997).
[22] C. P. Search, A. G. Rojo, and P. R. Berman, “Ground
state and quasiparticle spectrum of a two-component
bose-einstein condensate,” Phys. Rev. A 64, 013615
(2001).
[23] Nicholas K. Whitlock and Isabelle Bouchoule, “Relative
phase fluctuations of two coupled one-dimensional con-
densates,” Phys. Rev. A 68, 053609 (2003).
[24] Paolo Tommasini, E. J. V. de Passos, A. F. R.
de Toledo Piza, M. S. Hussein, and E. Timmermans,
“Bogoliubov theory for mutually coherent condensates,”
Phys. Rev. A 67, 023606 (2003).
[25] I. Bouchoule, “Modulational instabilities in josephson os-
cillations of elongated coupled condensates,” The Euro-
pean Physical Journal D - Atomic, Molecular, Optical
and Plasma Physics 35, 147–154 (2005).
[26] L. P. Pitaevskii and S. Stringari, Bose-Einstein Conden-
sation, International Series of Monographs on Physics
(Clarendon Press, 2003).
[27] Alessia Burchianti, Chiara Fort, and Michele Modugno,
“Josephson plasma oscillations and the gross-pitaevskii
equation: Bogoliubov approach versus two-mode model,”
Phys. Rev. A 95, 023627 (2017).
[28] H. M. Cataldo and D. M. Jezek, “Dynamics in asymmet-
ric double-well condensates,” Phys. Rev. A 90, 043610
(2014).
[29] J-L Liu and J-Q Liang, “Atom-pair tunnelling-induced
quantum phase transition and scaling behaviour of fi-
delity susceptibility in the extended boson josephson-
junction model,” Journal of Physics B: Atomic, Molecu-
lar and Optical Physics 44, 025101 (2010).
[30] D. Ananikian and T. Bergeman, “Gross-pitaevskii equa-
tion for bose particles in a double-well potential: Two-
mode models and beyond,” Phys. Rev. A 73, 013604
(2006).
[31] J. Brand, T. J. Haigh, and U. Zu¨licke, “Sign of coupling
in barrier-separated bose-einstein condensates and sta-
bility of double-ring systems,” Phys. Rev. A 81, 025602
(2010).
[32] Mohammadamin Tajik and Bernhard Rauer and Thomas
Schweigler and Federica Cataldini and Joa˜o Sabino
and Frederik S. Møller and Si-Cong Ji and Igor E.
Mazets and Jo¨rg Schmiedmayer, “Designing arbitrary
one-dimensional potentials on an atom chip,” Opt. Ex-
press 27, 33474–33487 (2019).
[33] Weizhu Bao, Dieter Jaksch, and Peter A. Markowich,
“Numerical solution of the Gross-Pitaevskii equation for
Bose-Einstein condensation,” Journal of Computational
Physics 187, 318–342 (2003).
[34] Christopher Ticknor, “Dispersion relation and excitation
character of a two-component bose-einstein condensate,”
Phys. Rev. A 89, 053601 (2014).
[35] R. N. Bisset, D. Baillie, and P. B. Blakie, “Roton ex-
citations in a trapped dipolar bose-einstein condensate,”
Phys. Rev. A 88, 043606 (2013).
[36] T. P. Simula, T. Mizushima, and K. Machida, “Kelvin
waves of quantized vortex lines in trapped bose-einstein
condensates,” Phys. Rev. Lett. 101, 020402 (2008).
[37] C. S. Owen and D. J. Scalapino, “Vortex Structure and
Critical Currents in Josephson Junctions,” Phys. Rev.
164, 538–544 (1967).
